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Abstract 

We investigate the distribution of lengths obtained by intersecting a random geodesic with a 
geodesic lamination. We give an explicit formula for the distribution for the case of a maximal 
lamination and show that the distribution is independent of the surface and lamination. We 
also show how the moments of the distribution are related to the Riemann zeta function. 
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Let S be a closed hyperbolic surface and A a maximal geodesic lamination on S. If we take an 
infinite geodesic a on S, then Ana decomposes a into geodesic arcs. We consider the distribution 
of the lengths of these arcs. We show that for almost every geodesic, the distribution is the same 
^ ■ and we explicitly calculate this distribution. 

Let v G Ti(S) be a unit tangent vector on S and a v : R — > S the geodesic parameterized by arc 
length such that v = u' v (0). In the complement of A, a v is a countable union of open intervals (see 
Figure!]). We let 

a" 1 (S-A) = U~ 1 / J 
where Ij are open disjoint intervals. We denote the length \Ij\ of Ij by lj. 

Definition: The length distribution D\{v) is a measure on (0, oo) given by 

D \t{v) = \ s ^ 

7in[o,t]^0 

t^oo 
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Figure 1: Intersection of lamination A with ray ct v in direction v 



where S(x) is the Dirac measure at x and the limit is taken with respect to the weak* topology. 

The main result is that for almost all vectors v, the distribution D x (v) is independent of A and v 
and can be explicitly calculated. 

Theorem 1 Let X be a maximal geodesic lamination. Then there exists a measure M such that 
for almost all v G T±(S) with respect to the volume measure on T±(S) we have 



D x (v) = lim D Xit (v) = M, 



where 



dM 



6xdx 



7T 



We define measure P\(v) on (0,oo) similarly by 




/;n[o,t]^0 



P x (v)= limP X:t {v). 

t— >oo 



Note that if cj) : (0, oo) — > R is a continuous function with compact support then 



P x ,t(v)(<f>(x)) = D Xjt (v)(xcf>(x)). 



Then we obtain the following corollary: 



Corollary 2 Let X be a maximal geodesic lamination. Then for almost all v € Ti(S) with respect 
to the volume measure on Ti(S), the measure P x (v) is equal to the probability measure P given by 



Furthermore the probability measure P has expected value 



E P (x) = — C(3), 



and n th moment given by 

3(n + 2)! 

2 n 7T 

where C, is the Riemann zeta function. 



Before we give a proof of the corollary, let us describe a simple interpretation of the probability 
measure P in terms of the geometry of an ideal triangle. Consider picking a random tangent vector 
p in an ideal triangle T and let g(p) be the geodesic through p. Then P is the same probability 
distribution as the probability distribution of lengths of T H g(p)- In particular this corollary gives 
a nice description of £(3) in terms of the average length of a segment in an ideal triangle. 

Proof of corollary: Let (j) : (0, oo) — > R be a continuous function with compact support. Then 
by definition, P\ tt (a v )(4>(x)) = D\j(v)(x (j>(x)). Therefore as xcj)(x) is continuous with compact 
support, it follows from the definition of the weak* topology that P\(v)(4>(x)) = D\(v)(x 4>{x)). 
Therefore for almost all v £ Ti(S), 

px(v)(m) = r X(t) {x)d{D X {v))= r^m±_ 

Jo Jo 7!^ sinn x 

It follows that for almost all v G Ti(S), 

6x 2 dx 



d(Px(v)) 



7r 2 sinh x 



We let P be the measure on (0, oo) with distribution given above. To show that P is a probability 
distribution and evaluate its moments, we calculate the integral 

Qx n dx 



o 



7r 2 sinh 2 x 

for n > 2. The antiderivative we describe below was found using Mathematica (see [?])• 



Let \i n {z) be the principal branch of the n polylog function defined on the complex plane minus 
the real ray [1, oo). The power series expansion about is given by 

OO 

k=l 

and has radius of convergence 1. 



For n = 0, lio(aO = 1/(1 — x), and for n = 1, lii(x) = log(l — x). Also for n > 1, we have convergence 
at x = 1 and li n (l) = C( n )- Taking the derivative of the power series we obtain the relation 

x 
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Let n be a positive integer greater than 1. We define a function F : (0, oo) — ► R on the positive 
real axis by 

fc=0 

We now find the derivative of F. We have for k ^ n 

^x k \i n _ k (e- 2x ) = kx^K-kie' 2 *) - 2x fc h n _ fc _ 1 (e- 2 ^). 
Also for k = n, as x n lio(e _2x ) = x n /(l — e~ 2x ) we have 

A j n p -2x „n 

= - = n*-'l«.-~) - 

Putting all these derivatives together we have 

nx) = - V- 

smn x 

Then 

/•°° x n dx „. , „. . / n! ,. , A n! „, . 

Therefore as Q{2) = 7r 2 /6 

°° 6x 2 dx _ i 
7T 2 sinh 2 x 

Therefore the n th moment of this probability distribution is 

roc a„n+2 j_ 3/ , 9 \| 



/•oo ^ 3( n + 2)! 

7o 7r 2 sinh 2 x~ 2«tt 2 ^ n+2 >- 
In particular, P is a probability measure and has expected value -%C(3)- 



Given a geodesic current m, (a generalization of a closed geodesic described formally in the next 
section), we define a measure D\(m) on R + associated with the intersection of the geodesic current 
m with the geodesic lamination A. We prove the following properties of the function m — > D\{m). 

Theorem 3 Let /i be the Liouville geodesic current for the closed hyperbolic surface S. Then 

1. D\(fj>) = M, where M is as in Theorem^ 

2. If mi are discrete geodesic currents such that rrii — > /i then 

lim D x ( mi ) = D x Qj) = M. 

i— >oo 



Note that sequences m; as in part 2 above are abundant: Bonahon shows in pQ that for almost any 
v € Ti(S), such a sequence can be constructed from the geodesic ray a v determined by v (by closing 
up long segments). The application of Theorem [3] to this construction is discussed in Corollary [T71 
below. 
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2 Geodesic laminations and geodesic currents 

Let S be a closed hyperbolic surface. A geodesic lamination is a closed subset of S that is the union 
of a disjoint collection of geodesies on S (see |6j). A geodesic lamination A is maximal if S — A is a 
disjoint collection of ideal triangles. 

Let H 2 be the hyperbolic plane and G(H 2 ) be the set of oriented geodesies in H 2 . We take the 
upper half plane model for H 2 in the Riemann sphere C. Then the boundary of H 2 in C is 
R = R U {00} and is called the circle at infinity of H 2 . Identifying an oriented geodesic with its 
endpoints, we have that G(H 2 ) = R x R — A where A is the diagonal in the product space. We 
give G(H 2 ) the subspace topology in R x R. 

In general, if A is a topological space, we let Co (A) be the space of continuous functions on A with 
compact support. If m is a measure on A we obtain a linear function m : Co (A) — > R by defining 



The set of non-negative measures on A is denoted M(A). The weak* topology on M(A) has basis at 
m e M(A) given by the sets U(m, <f>, e) = {n E M(X)\ \n(4>) - m(4>)\ < e} where <j) <E C (A), e > 0. 
Thus mi — > m if mi(4>) — > m(0) for all (f> £ Cq(X). If A C A and m £ M(X) we define w\a to be 
the restriction of the measure m to A. 

Let S = H 2 /r be a closed hyperbolic surface, and a a closed geodesic in S of length 1(a). Then the 
preimage of a in G(H 2 ) is a T-invariant discrete subset. If a is primitive, we obtain a V invariant 
measure m(a) on G(H 2 ), by taking the Dirac measure on this set. If a is not primitive and a = f3 k , 
where j3 is a primitive closed geodesic, we define m{a) = km(f5). 

This measure is an example of a geodesic current. 

Definition: A geodesic current on S = H 2 /r is a T-invariant positive measure on G(H 2 ). The 
space of geodesic currents on S is denoted C(S) and given the weak* topology. 

If a geodesic current m is a positive real multiple of m(a) for some closed geodesic a in S, then m 
is called a discrete geodesic current. If m is a discrete geodesic current with m = A.m(a), A € R + , 
we define the length l(m) of m by l(m) = XI (a) where 1(a) is the length of the closed geodesic a. 
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Another geodesic current is the Liouville measure given by 



fi([a,b] x [c,d]) 



log 



(a-c)(b-d) 



(a-d)(b-c) 



By the invariance of the cross-ratio under Mobius transformations, /i is invariant under the group 
of isometries of H 2 . In particular /u is invariant under the Fuchsian group T and is therefore a 
geodesic current. In fact, \i is the unique measure on G(H 2 ) (up to constant multiple) that is 
invariant under the full Mobius group. Differentially [i is given by 



d/J-( a ,b) 



dxdy 
a — o| s 



where dxdy is the standard area measure on R x R. For a full description of geodesic currents and 
their properties see Bonahon [1]. 



The following lemmas show that geodesic currents are a natural extension of closed geodesies. 



Lemma 4 (Bonahon [T]) The set of discrete geodesic currents is dense in C(S). 



Lemma 5 (Bonahon [lj) There exists a continuous function I : C(S) — > R+ such that l(m(a)) = 
1(a) for all closed geodesies a, and l(km) = kl(m), for all k E R+,m G C(S). 



3 Ergodic theory 

Let S be a closed hyperbolic surface and A a maximal lamination in S. Let T\(S) be the unit 
tangent bundle of S and the standard volume measure on T\(S). We normalize to obtain the 
unit volume measure V on Ti(S). Then as Q,(Ti(S)) = 2ir Area(S') = Att 2 \x(S)\, 

v= n 
^ 2 \x(S)\ 

As before, if v € 71(5), we let a v : R — > S be the geodesic in S parameterized by arc length 
such that a' v (0) = v. Then a l 7 1 (5 — A) = Ujlj with having length ^. We define a length 
function L\ : T\(S) — > [0, oo] where L\(v) = lj if o%(0) € Ij, and otherwise L\(v) = 0. Then 
(L X )*V G M(R+) is defined by ((L A )«V)(0) = V(<p o L). 

Theorem 6 For almost all v E Ti(S) (wrt tt), limt^oo i^Ai ( v ) exists and satisfies 

lim P Xit (v) = P x (v) = (L X )*V. 

t—>oo 

Proof: Let G Co(R+), a continuous function on R + with compact support. Then 

An[o,t]^0 



6 



Let L\ : T\(S) — > R+ be the function described above. Then if a v (t) G Ij, we have L\(a' v (t)) = 1%. 
Therefore 

Px,t{v){<t>) = \ E W) = j E / <l>{L\K{t)))dt = - t ! <P{L x {a' v {t)))dt 

where Jt is the union of the intervals Ii that intersect [0,t]. We compare P Xt t(v)((p) to the time 
average, i.e. 

QA,t(v)(<j>) = l [ </>(L x (a' v (s)))ds. 
1 Jo 

If a v (0) £ A, then there exists an interval Ij = (— a , &o) with G Ij . If a„(0) G A, we set a = 0. 
Similarly if a v (t) G" A, then there exists an interval Ij t = (i — a^, i + bt) with i G Ij t . If a v (t) G A, 
we set bt = 0. Then 

" Qa»($ = £ (a Q <l>(li ) + b t 4>{l k )) . 
As (p has compact support, let supp(0) C [x,y]. Then we have 



\Px,t(v)(<l>) - Q\Av){4>)\ < (ao + ^" y|100 , ( l ) 



where || • ||oo is the sup norm. 



The integral Qx,t{v){4>) is the time average of the function <p> o L\ along the ray 1 1— ► a4(t) in T\(S). 
The function (f>o L\ is easily shown to be in L 1 (l/). As the geodesic flow on T\(S) is ergodic (see 
[3]), by the Birkhoff ergodic theorem (see [2]) we have that for almost all v with respect to the 
volume measure V, 

lim Qx.t(v)(<P) = [ HLx(v)) dV = {{Lx)*V){<t>). 
t-voo M(S) 

Therefore, for any G Co(R+) there exists a set of full measure C T\{S) such that 

lim QxM(4>) = {(L x )*V)(<t>) for all v G A+. 



By the Weierstrass approximation theorem (see 0), we can choose a countable basis {(pi} for the sup 
norm topology on Co(R+). Then A = CiA^ is a set of full measure on which lim^oo Qx,t(v)((pi) = 
{(L x )*V){<Ih) for all i. 

Now let (p G Co(R+) and v G A. Then there exists a subsequence fa. converging uniformly to <p on 
R + . 

By linearity, we have 

\Qx,t(v)((P) - Qx,t(v)i^)\ < \\fa d ~ <P\\oo \((L x )*V)(fa 3 .) - ((L X )*V)((P)\ < \\fa. - (P\U 



By uniform convergence of fa., for any e > 0, there exists an m > such that \\fa d — </>||oo < e f° r 
all j > m. We choose a j > m, then 

\Qx.t(v)((p) ~ ((L X )*V)((P)\ < \Qx.t(v)(<P) ~ Qx,t(v)(.M + \Qx.t(v)(<P h ) ~ ((LxhV)^ 

+\((Lx)*V)( ( p ii )-((L x ),V)((P)\. 
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Therefore 

\Q\,t(y)(<f>) - ((L x )*V)(<t>)\ < \Qx,t(v)(<Pi 3 ) ~ ((L x )*V)(<t Hj )\ + 2e. 
As v G A, limt^oo Q\,t(v)(<f>ij) = ((Lx)*V)(4>i j ). Thus there exists an T > such that 

\Qx,M^i 3 ) - ((L A )*^)(<M < e for all t > T. 

Therefore 

\Qx, t (v)(<f>) - (L x UV)(<t>)\ < 3e for all t > T 

giving 

lim Q A ,*(«)(0) = ((£a).^)W). 

t— >oo 

By ([I]) there are constants ao,y such that 

(a + y) ||(^||oo 



IPa^X^-Qa,^)^)! < 



t 

Therefore we have 



As 4> is arbitrary, 



lim Px,t(v)(4>) = lim QxMW = (( l a)*^)W>). 

t— >oo t^oo 



lim P xt {v) = (L\)*V for almost every f G TUS). 

t— >oo ' 



Let Af(R + ) be the space of measures on the open interval (0,oo) with the weak* topology. If 
/ : R+ — » R+ is a continuous function, then we obtain a map / : Af(R + ) — > M(R + ) given by 



f(m)((j>) =rn(f ■ (f>) = f(x)<p(x) dm 





for any G Co(R+) with compact support. On the level of infinitesimals, the map / is just 
multiplication by the function / and thus has inverse (1//)- 

Taking r{x) = 1/x, we have by definition that 

f (P A ») = D Xjt (v). 
Therefore we have the following corollary. 

Corollary 7 For almost all v G Ti(S) (wrt Vi), lim^oo D x ^(v) exists and satisfies 

lim D xt (v) = D x (v) = f((L x )*V). 

t— >oo 



From the above corollary, Theorem [T] follows from calculating (L X )*V. Before we do the calculation, 
we consider the simpler case of geodesies and geodesic currents intersecting a single ideal triangle 
in H 2 . 
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4 Intersection of a geodesic current with an ideal triangle 



We first consider the length of intersection of a geodesic with a fixed ideal triangle. Let T be an 
ideal triangle in H 2 . We define L : G(H 2 ) -> [0, oo] by L{g) = Length^ n T), with L(g) = if 
g n T = 0. We observe that if L(g) is non-zero and finite, then L is continuous at g. Thus letting 
Ot = L _1 ((0, oo)) we have that L is continuous when restricted to Ot- 

If m is a geodesic current, we define a measure L*m on (0, oo) as follows. Let <f> : (0, oo) — > R be a 
continuous map with compact support in (0, oo). We extend i^toa continuous map <f> : [0, oo] — > R 
by defining 0(0) = 0(oo) = and </>(x) = 0(x) otherwise. We then define the measure L*m on 
(0, oo) by letting (L*m)(</>) = m((f) o L). We will suppress the extension notation in what follows 
and identify cj> with </>. 

We now describe the length function L in terms of the endpoints of the geodesic. Let T be the 
ideal triangle in the upper half space H 2 with endpoints {0, 1, oo} in R. We denote the intervals 
h = (—00,0), h = (0,1) and I3 = (1, 00). We consider the nine subsets L x Lj C G(H 2 ). If 
g G Ii x Ii then g n T = and therefore L = on the subsets JjX/j, If g /j x i, for any then 
5 has one endpoint in {0, l,oo} and therefore has either zero or infinite length. Therefore the set 
Ot = L _1 ((0, 00)) is given by 

3 

T = \Jl i xI j . 

i,3 

We define Lij : Ii x Ij — > (0, 00) to be the restriction of L to Ii x /j. 

Lemma 8 The length function Lyi : I\ X 1% — * (0, 00) is given by the formula 

Li q(u, = - In I — 1 . 

v 7 2 V 1 - v J 



Proof: We will first find L13. Let g = (u,v) G I\ x L3 be a geodesic. We drop a perpendicular P 
from 00 to g, with vertex p. We will first assume that p € T. Then P and 3 decompose T into two 
triangles an a quadrilateral. We label the triangles To and T\ so that the vertical line x = i is a 
side of Tj. Both triangles have a right angle and an ideal vertex. We label the other angle of T, by 
9i and the length of the only finite length side of Tj by li (see Figure [2]). Then L^ii, u) = Iq + ii. 
By hyperbolic trigonometry we have tanhZj = cos#j (see [6]). We denote the euclidean center and 
radius of g by c, r respectively. Then u = c — r,v = c + r. From euclidean trigonometry we have 

c 1 — c 

tanh/o = cos#o = _ tanh/i = cos#i = . 

r r 

As tanh -1 x = \ ln(^|), we have 
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Combining we obtain 

Li3(u,v) = - in 



2 V u (^- 1 ) 
The case when p T gives the same formula. 

The isometry f(z) = 1/z maps I\ x ^3 to I\ x I2. Therefore on I\ x I2 we have 

1 (X — u 

Li2{u, v) = Li 3 (l/u, l/v) = - In 



2 \l-v 



Recall that \i is the Liouville measure on G(H 2 ). We now use Lemma[8]to calculate its pushforward 
by L. 



Theorem 9 The measure Mt = T^[i is given differentially by 

, , , 6x dx 
dM T = —r 2 -. 
sinn x 



Proof: As [i is invariant under Mobius transformations, it suffices to consider the standard ideal 
triangle T with endpoints {0, 1, 00} in R. As before we note that L is supported in Ot = Jj x h 
where I\ = (—00, 0), I2 = (0, 1) and ^3 = (1, 00) as before note that 
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Let (f) : (0, oo) — > R be a continuous function with compact support on (0, oo). Then by definition 
of the pushforward, we have 



(L*/x)(c/>) = n{(j)oL) 



3 

E 



Thus L*/i on (0, oo) is the sum of the six measures Mij,i ^ j. 

Let i j and k ^ I, then there exists a Mobius transformation p sending T to itself and mapping 
Ii x /j homeomorphically to Ik X //. By invariance of /x, we have /i = p*//. The map p is a hyperbolic 
isometry and sends T to itself, thus L op = L. Therefore by change of variable in the integral Mij 
we have M^i = M^. Thus 

= 6Mi 2 . 



By Lemma [8] we have that for (u,v) £ I\ x 1% 



L{ U ,v)=\\jy^ v 



Letting x = L(u,v), we solve for u and v, to obtain u = 1 — (1 — t>)e 2:r , v = 1 — (1 — u)e 2:r . The 
measure is given differentially by 

dudv 

d\x 



u — v 



Therefore 



M 12 (0) 



4>(L(u, v)) dudv 



h Jh 



u — V 



We make the change of variable x = L(u,v), v = v. Then u = f(v,x) = 1 — (1 — v)e 2x and 
v = g(v, x) = v. Thus the Jacobian is 



J(v, x) 



9f 


9g 




dx 


dx 




££ 


h 




dv 


dv 





-2(l-v)e 2x 
e 2x i 



2(1 -v)e 



2.T 



Then we have 



djjL 



J(v, x) dvdx 2(1 — v)e dvdx 



dvdx 



\u — v\ 



|1 - (l-v)e 



2x 



2(1 — v) sinh x 



Let F(u,v) = (v,x). Then we have that 

Ml2(0) = 



fx) cfo<ix 



F{hxi 2 ) 2(1 --u)sinh 2 x 
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We now need to find F(I\ x I 2 ). We fix a v £ (0, 1). Then from the formula for L in terms of u, v 
it follows that L has range 

i In (j-—^) < L ( n ' v ) < °°- 

Therefore 



F{h x/ 2 ) = (v.z) 



rewriting we obtain 



1 f 1 

< u < 1, - In 1 < x < oo 

2 V 1 — v 



F(h x I 2 ) = {{v,x) | < v < 1 - e~ 2:E , < x < oo} . 



Therefore 



M 12 (0) = 



oo / pi— e 



\J0 



dv \ <j>(x) dx 



2(1 -v) sinh 2 



Substituting t = 1 — u we get 



Therefore we have 



giving 



f dv 1 / dt !/, m , / -2*^ 

■/ 



dM T = 



sinh 2 x 

6x dx 
sinh 2 x 



Related to the measure Mt is a probability measure Pt on (0, oo) given by the pushforward of the 
unit volume measure on the unit tangent bundle T\(T) to an ideal triangle T. If p € T\(T) then 
associated to p we let g(p) be the oriented geodesic with tangent vector p . Then L(g(p)) is the 
length of the segment through p in T. The measure Pt is defined to be the probability distribution 
of lengths for a randomly chosen tangent vector in T. 

If we let Q. be the standard volume measure on T\ (T) , then the probability measure Pt is given by 

= (Log)*n 
T fi(Ti(T))- 



Theorem 10 The measure Pt is given differentially by 

6x 2 dx 
7r z sinh x 
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Proof: The map g : Ti(H 2 ) -» G(H 2 ) is a trivial fiber bundle. Thus we have Ti(H 2 ) = G(H 2 ) x R. 
In terms of this representation, the volume form Q is given by df2 = 2dfi x dt where \x is the Liouville 
geodesic current and dt is hyperbolic length along the fiber (see [1] for details). Thus 



(Log)M(<j>)= / </>(L(g(p))) dtl. 

Jti(T) 

As Ti(H 2 ) = G(H 2 ) x R, we have p represented by (x,y,t) where (x,y) are the endpoints of g{p). 
Furthermore dfj, = dxdy/\x — y\ 2 . Also, for a given geodesic (x,y), the parameter t takes values 
from c(x,y) to c(x,y) + L(x,y), for some constant c(x,y).Thus 

C 2 drdv rc(x,y)+L{x,y) 
(L o g ),Sl(<f>) = £ / / 0(L(x, y)) dt. 

Therefore integrating over t 

2(/)(L(x,y))L(x,y) dxdy 



\x — y\ 2 



Using Theorem [9] and performing the change of variables I = L(x,y), y = y, we obtain 

3 "*> 2l 2 cf>(l) f°° I2l 2 (j){l) 



dl. 



Therefore normalizing by 0(Ti(T)) = 2-7T 2 , we obtain 

6x 2 

dP T (x) = ———^—dx. 
7r z sinn x 

■ 

An immediate corollary relates the expected value of Pt to the Riemann zeta function; 
Corollary 11 The expected value E(Pt) of Pt is given by 



f°° 6ar 9 
E ( P t)= / o ■ l2 <*e = -oC(3) = 1-09614. .. 
Jo tt z smn x ^ 



To put this expected value in perspective, we observe that it is quite close to the diameter of the 
hyperbolic disk inscribed in T, which is log(3) = 1.09861 .... 



5 Calculating (L\)*V 



Let S = H 2 /r be a closed hyperbolic surface and let A be a maximal geodesic lamination on S. 
Then S — A = U^ =1 Tj where Tj are disjoint ideal triangles. Then as the area of S is 27r|x(5)|, we 
have k = 2|x(S')|. 



13 



We let T[ be an ideal triangle in H 2 which is a lift of Tj. Then as before, we define L'^g) = Lengthen 
T[). If T" is another lift of Tj, then there exists a Mobius transformation p € T with p(T-) = T". 
Let L'!{g) = Length^ n T(>). Then Lfo) = Length^ n p" 1 ^')) = Length(p( 5 ) n If) = L? (p( 5 )). 
Therefore = L" o p. Thus if m G C(5) is a geodesic current, then (L'^^m = (L'( o p^m = 
(L")*(p*m). As m is invariant under T, = m. Therefore (Z4)*m = (L-')*m and therefore can 
define (Lj)*m = (LQ*m. 

Definition: If m is a geodesic current of length Z(m) then the distribution of lengths of intersections 
of m and A, denoted D\(m), is the measure 



it 



From Theorem [9] we have that on (0, oo) 

d(D x (ji)) = l2 \*i s )\ xdx 
l(fj) sinh 2 x 

Then as l(fx) = 27r 2 |x(5')| (see Bonahon [T]), we have 

<KD x Qi)) = 2 6X % = dM. 
tt z sinn x 

Thus D\(/i) = M and we call M the distribution of lengths of intersections for a maximal lamina- 
tion. This proves part 1 of Theorem [3l 

Theorem 12 For any maximal geodesic lamination A, the pushforward of the normalized volume 
measure V on T\{S) by L\ is given by 

(L\)*V = Ft. 

Proof: As V is the unit volume measure obtained by normalizing Q, and £l(T\(S)) = 47r 2 \x{S)\, 
we have 



((La)*^)(0) = , / HLx(v)) dfi. 

4tt 2 |x(5)| i Tl{S ) 

As A is a maximal lamination, we have 5 — A = u| =1 T'j where Tj are disjoint ideal triangles. As 
A C 5 is measure zero, we have 

A: 



((L A ),y)(0) = 1 £ / ^(L A («)) dn. 



Let g : Ti(H 2 ) -> Ti(5) be the standard covering map. Let T( be a lift of Tj to H 2 . Then we lift 
the integrals over T, using q to integrals over T/, also using £1 to denote the volume measure on 
Ti(H 2 ), and obtain 



I <f>(L x (v))dn= [ <f>(L x (q(v)) dn. 
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Let g : Ti(H 2 ) — > G(H 2 ) be the fibre bundle such that v is tangent to geodesic g(v). As above, let 
Li : G(H 2 ) -> [0, oo] where = Length( 5 n 2j). Then for u G Ti(^), L x {q(v)) = U{g{v)) and 



/ <j>{L x {q{v))<m= [ 4>(L,i(g(v)) dft. 
JTi(T') JTi(T!) 



'Ti(T t JTi(T!) 
By Theorem 1101 

/ <t>(Li(g(v)) dn = 27T 2 P T (ct ) ). 

J Tim) 

Therefore as there are 2|x(«S)| triangles Ti, we combine to obtain 

C(^a)*W) = ^^syi E ( 2 ^ 2 ^)) = W). 

Finally we have 

d((L A )*y) = dP T (, ' ,J lLr 



it 2 sinh x 



Applying Corollary we obtain 

Corollary 13 For almost all v £ Ti(S) (wrt Q), we have D\(v) = M and thus 

6x dx 



d(D x (v)) 



TT 2 sinh 2 x 

The above corollary completes the proof of Theorem 1. 

6 Continuity of D\ at \i 

In this section we prove part 2 of of Theorem [3l We recall the definition of D\(m) 

1 k 

D\(m) = — — V(ii)*m. 
l(m) ^ 



We first prove a lemma about weak* convergence. 



Lemma 14 Let X C R n be open and K C X a compact domain with piecewise smooth boundary 
dK. If m G M(X) we define m G M(K) to be the restriction of m to K. Let m{ — > m in M(X) 
and i?!) : X — > R continuous on K. Then 

lim |mj(0) — m(0)| < / \cj)\ dm. 
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Proof: Let (ft : K — > R be a continuous function. We let <ft = (ft + — <ft~ where (ft + ,(ft~ are both 
continuous non-negative functions on K. If the lemma is true for non-negative functions then we 
have 



lim \rrii((ft) — m{(ft)\ = lim \nii((ft + — (ft ) — m((ft + — (ft ) 
i— >oo i— »oo 

< lim |mj(</> + ) — rn((ft + ) \ + lim \mi((ft~) — m((ft~)\ 



l— »oo 



< (ft dm + (ft dm = / \(ft\ dm. 

JdK JdK JdK 

We let (ft : K — > R be a continuous non- negative function. Given an e > 0, we let N e (dK) be 
the e neighborhood of the boundary of K. For e small, we obtain non-empty compact domains 
K_ e ,K +e given by K_ £ = K - N e (dK), and K +e = K U NjdK). Then K_ e C K C K +e . We 
define continuous non-negative functions with compact support c^-,, : X — > R, c/> +(E : X — > R which 
will approximate ^ from above and below. 

The function (ft_ t is chosen to be pointwise monotonically increasing in e and satisfy 

supp(</>_ e ) C K, (ft^ e (x) = (ft(x) for x € K_ t , 0_ e (x) < for x £ K. 

The function +e is similarly chosen to be pointwise monotonically decreasing in e and satisfy 
suppO +e ) C K +e , (ft+e(x) = <ft{x) for x G K, \\<f>+e\\x < ll^lk- 

Then as the measures are positive, we have 

m((p-e) - m((ft +e ) < 0mi((ft) - 0m((ft) < m,i((ft +e ) - m((ft- e ). 
As mi — > m we take limits to obtain 

m((ft- e ) — m((ft +e ) < lim (0mi((ft) — 0m((ft)) < 0lim (0mi((ft) — 0m((ft)) < m{(ft +t ) — m(0_ e ). 

Thus letting ip e = <ft +e — (ft- t , we have 



lim \0mi((ft) — 0m((ft)\ < \m(ift e ) \ . 



The function ift t is non-negative, monotonically decreasing in e, and has supple) ^ 0N t (dK). 
Furthermore if x ^ dK, then lim e __+o ipeix) = and if x £ dK then lim^o ^(x) = (ft{x). Therefore 
by Lebesgue dominated convergence (see [5]) we have 

lim m(tft € ) = (ft dm. 



dK 



Thus 



lim \0mi((ft) — 0m((ft)\ < / (ft dm. 
i-+oo J dK 
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Lemma 15 Let T be the lift of an ideal triangle embedded in S and /j, be the Liouville geodesic 
current of S. If mi is a sequence of discrete geodesic currents such that mi — > \i, then L^rrii — * L^fi. 



Proof: We need to show that if <fr : (0, oo) — > R is continuous with compact support then 
L*TOj(0) — ► L*n((f)), or equivalently that mj(0 oL) ^ o L). This would follow directly from 
the definition of the weak* topology if (j) o L were continuous and compactly supported, however 
this is not the case. To establish the convergence we will instead describe a continuous function L 
such that (ft o L has compact support and m{<j) o L) = m((ft o L). Then continuity follows from the 
definition of the weak* topology. 

Let supp(0) = [a, b] C (0, oo). As before we need only integrate <j> o L over Ot = L -1 ((0, oo)). We 
move T by a Mobius transformation to have endpoints {0, 1, oo} in the upper half space model of 
H 2 . Then as in LemmaEl the set Ot is composed of 6 open sets 7j x Lj,i,j = 1, . . . ,3,i ^ j. 

Let A = L _1 ([a, &]) be the set of all geodesies in Ot with length between a and b. We let Ay = 
An (Li x Lj) and L^ : x I,- — > (0, oo) be the restriction of L to Li x 7^. Then for m € C(S), 



3 / \ 3 

L*m((j)) = m(4> o L) = j / o Ljj dm ) = 



mlliXljW Lij)- 

i,i=l i,i=l 

By the formula for L\<i we have if (u, v) € A12 then 

a < - In < 6. 

"2 Vl-«/~ 

Solving we get 

(l-v)e 2a <l-u< {l-v)e 2b . 

As v > 0, we get 1 — it < e 2b giving 1 — e 2b < u. Similarly as n < we get 1 < (1 — v)e 2b giving 
v < 1 - e _2b . Thus we have 1 - e 26 < u and v < 1 - e~ 2b . Thus A12 C [1 - e 2b , 0) X (0, 1 - e~ 2b ]. 

We choose e > so that if both u,v are within e of 0, then L±2{u, v) < a. Using the formula for 
L12, we can choose e = (e 2a - l)/(e 2a + 1). 

Thus we consider the intervals 

Ji = [1 - e 2b , -e), J{ = [-e, 0] and J 2 = [e, 1 - e~ 2b ], J' 2 = [0, e]. 

Then the set K = (J\ x J 2 ) U (J\ x U (J{ x J 2 ) is a compact subset of G(H 2 ). Also, we have 
that supp(</> o L12) C i^. 

The function o L12 is not continuous on K, being discontinuous at the points D = ( J\ x {0}) U 
({0} x J 2 ) C dK. We define the function L n : K -»• R by 

L 12 ( n , u) = il n (i^ 
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l-e- 2b 



K 



1-e' 



Figure 3: The region K subset of R 



Note that this is the same formula as we obtained for L\2 in Lemma El however, here we allow 
any (u, v) 6 K whereas L\2 is supported on I\ x I2. The key difference is that K includes some 
geodesies (i.e. D) sharing one ideal endpoint with T, and L12 extends continuously to these points, 
giving Li 2 . 



Thus L\2 is continuous on K, with L\2 = L on K — D, and we have 



m\ K ((f) o L12) - m\ hxh (4> o L 12 ) 



<fi o L\2 dm 



D 



<m{D)\\4>\\. 



If m = fi then m(D) = by the definition of /x. As T is a lift of an embedded ideal triangle in S, 
none of the vertices of T can be an endpoint of a closed geodesic on S. Therefore for m discrete, 
m(D) = 0. Thus for m = \x or m«, 

m\i lX i 2 ((f) o L12) = m\ K (4> ^12)- 

As mi — * fj,, K is a compact domain with piecewise smooth boundary, and, <fi o L12 is continuous, 
we have by Lemma PHI 



lim 

i— >oo 



rrii\ K {4>o L12) - /u| A . ((j>oL 12 ) 



< I \4>o L12I ci/i. 



Therefore 



lim mi 1 7 xJ ((poLi 2 ) - n\ h xh ((f>oL 12 ) \< / [</>oL 12 |d^. 



We have Z? C <9_ftT and by our choice of K we have ((f) o Li2)(x) = for x £ <9-fT — -D. Therefore 



lim \nii\j j ((p o L 12 ) - n\ IxI ((f) o Li 2 )\ < / |0 o Z, 12 | dfj, < fj,(D)\\<f>\\. 
1^00 Jd 

Therefore as fi(D) = we have 

lim \ mi\ hxh ((f>oL 12 ) - fJ.\ hxIa (<f>oL 12 )\ = 0. 
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Combining the contributions from each of the Ii x Ij we obtain mj(</> o L) — > //(</> o L). I 



We now use Lemma [15] to prove the continuity property of D\ described in part 2 of Theorem [3l 



Corollary 16 Let ji be the Liouville geodesic current of S. If m i is a sequence of discrete geodesic 
currents such that mi — > fi, then D\(rrii) — > D\(^l). 



Proof: By definition 

1 fc 
1 i; i=i 

By Lemma [T5l for each j we have lim l _ +0O (L,)*(mj) = Also by continuity of the length 

function i, we have lim^oo Z(mj) = and 

lim Dx(rm) = .1™ = tAt J^(X-j)*(/i) = £>a(^)- 

j=i ^ j=i 



We now apply Theorem [3] to Bonahon's construction of sequences of discrete geodesic currents nii 
such that nii — > [x. 

Recall that for any v E Ti(S) we defined the geodesic a v by the map a v : [0,oo) — > S where 
a'(0) = v and a is parameterized by arc length. For any L > 0, we form a closed path by joining 
the endpoints of a„([0, L\) by a shortest arc (not necessarily unique). If this curve is homotopic to 
a geodesic we call this closed geodesic a^. 



Corollary 17 For almost every v E Ti(S) with respect to the volume measure $1, there exists a 
sequence {L n } monotonically increasing to infinity, such that the geodesies (3 n = a^ n satisfy 

lim D x (f3 n ) = D x (fi) = M. 

n— >oo 



Proof: By Bonahon [lj, for almost every v E Ti(S) with respect to the volume measure f2, the 
geodesies a% can be used to approximate the Liouville geodesic current /i. Specifically, for almost 
every v E Ti(S) there exists a sequence {L n } monotonically increasing to infinity, such that the 
geodesies (3 n = a^ n exist and satisfy 



.2, ™(A0 



l X={2^\ X (S)\) lim 



KPn) 

Let mi = (27r 2 \x(S)\)m(Pi)/l(f3i). By definition of D\ for geodesic currents, Dx(Pi) = D\(nn 
Therefore applying Corollary 1161 to the sequence m; — > /i, we have 

lim D\((3i) = lim D A (m ; ) = D x {fi) = M. 



1— >oo 
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